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INTEGRAL METAPLECTIC MODULAR CATEGORIES
ADAM DEATON, PAUL GUSTAFSON, LESLIE MAVRAKIS, ERIC C. ROWELL, SASHA
POLTORATSKI, SYDNEY TIMMERMAN, BENJAMIN WARREN, AND QING ZHANG
Abstract. A braided fusion category is said to have Property F if the associ-
ated braid group representations factor over a finite group. We verify integral
metaplectic modular categories have property F by showing these categories
are group theoretical. For the special case of integral categories C with the fu-
sion rules of SO(8)2 we determine the finite group G for which Rep(D
ωG) is
braided equivalent to Z(C). In addition, we determine the associated classical
link invariant, an evaluation of the 2-variable Kauffman polynomial at a point.
1. Introduction
Bosonic topological phases of matter can be modeled by unitary modular categories
[16], which may be regarded as the programming language for topological quantum
computation. Physically speaking, every simple object corresponds to an anyon
type, and the braid group representations provide quantum gates. When the braid
group representation associated with each anyon type has finite image, a universal
topological quantum computer cannot be constructed from any anyon type in C
using braiding alone. It is an important problem to characterize which categorical
models admit such universal braiding gates, and which do not. A category is
said to have Property F if the braid group representations associated with every
simple object factor over a finite group [14]. The Property F conjecture states
that a category has Property F if and only if it is weakly integral [14], i.e. if and
only if every simple object X has dim(X)2 ∈ Z.
Unitary modular categories with the same fusion rules as SO(N)2 for integer
N > 1, or metaplectic modular categories, form an important class of (weakly
integral) modular categories. As noted in [1], the study of metaplectic modular
categories first arose from a generalization of Majorana zero modes. We focus on
the case of integral metaplectic modular categories—those for which the dimension
of every simple object is an integer.
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A category C that is group theoretical, in some sense, “comes from” a finite group;
the Drinfeld center Z(C) is braided equivalent to the representation category of
the twisted Drinfeld double of a finite group G, Rep(DwG) [7]. Most importantly,
group theoretical categories have Property F [8].
Theorem 1. All integral metaplectic modular categories C are group theoretical.
In particular, our work verifies the Property F conjecture for integral metaplectic
modular categories.
Although this may seem to be a negative result from the perspective of topological
quantum computation, there are two very compelling reasons to study (weakly)
integral modular categories: 1) the non-Abelian anyons that are on everyone’s
minds these days as being physically realizable are the Majorana anyons, which
are weakly integral and 2) universality may often be recovered by including non-
topological operations [5].
The group theoreticity of integral metaplectic modular categories suggests a couple
further directions of investigation. One direction is determining the finite group
G for which Z(C) = Rep(DwG). Another direction of particular interest is deter-
mining the link invariant associated with each of these categories. The extended
Property F conjecture states that a category has Property F if and only if the as-
sociated link invariants are classical [15]. Any topological quantum computation
using anyons from these categories will approximate their associated link invariants
evaluated on a braid closure. Thus, understanding the link invariant is equivalent
to understanding how a topological quantum computer created using these anyon
systems will behave.
We examine the specific case of modular categories with the same fusion rules as
SO(8)2. This is the smallest case of an integral metaplectic modular category for
which the Drinfeld center cannot be equivalent to the representation category of
the untwisted double of any finite group; i.e., there must be a nontrivial cocycle.
Additionally, all simple objects are of dimension either one or two, creating extra
symmetry and removing ambiguity regarding the associated link invariant.
Theorem 2. The link invariant associated with a category with fusion rules of
SO(8)2 is:
1
2
(−1)w(D)
∑
X⊂L
(−i)linking number(X,L−X)
where L is a link, D is its diagram, w(D) is the writhe of D, and the sum is over
components X ⊂ L.
In section two, we prove the group theoreticity of integral metaplectic modular
categories. Section three will contain our examination of categories with fusion
rules of SO(8)2.
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2. Group Theoreticity
Throughout we will assume that the reader is familiar with basic categorical no-
tions, and refer to [2] and [7] for the standard definitions and details. Before we
proceed to our results we need some standard notation. Let S denote the S matrix
of a braided fusion category C. We say an objects X, Y in a braided fusion cate-
gory C centralize each other if SXY = dim(X) dim(Y ), in other words the double
braiding between X and Y is trivial: cY,XcX,Y = IdX⊗Y . Strictly speaking this is
a theorem in [13] characterizing the latter condition in terms of the S-matrix. For
any subcategory L of a braided fusion category C the centralizer of L denoted by
ZC(L) is the subcategory consisting of objects Y ∈ C that centralize all objects
X ∈ L. Let L ⊂ C. Then, the adjoint subcategory Lad is the smallest fusion
subcategory of C that contains X ⊗X∗ for each simple object X ∈ L, where X∗
is the dual of X.
To prove group theoreticity, we use the following key characterization:
Proposition 2.1. [6, Corollary 4.14]. A modular category C is group theoreti-
cal if and only if it is integral and there is a symmetric subcategory L such that
ZC(L)ad ⊂ L
Now consider an integral N -metaplectic modular category. There are three cases
to consider depending on the value of N . The relevant fusion rules for each of these
cases are listed below (note: fusion rules for
√
N and
√
N
2
dimensional objects are
not included, but can be found here [1, 3]).
As stated in [11], the unitary modular category SO(N)2 for odd N > 1 has two
simple objects, X1, X2 of dimension
√
N , two simple objects 1, Z of dimension
1, and N−1
2
objects Yi, i = 1, ...,
N−1
2
of dimension 2 [1]. Observe that, in order
for a metaplectic modular category to be integral, N must be a perfect square.
Observe that, in order for a metaplectic modular category to be integral, N must
be a perfect square. The fusion rules are [1]:
(1) Z ⊗ Yi ∼= Yi, Z⊗2 ∼= 1
(2) Yi ⊗ Yj ∼= Ymin{i+j,N−i−j} ⊕ Y|i−j|, for i 6= j
(3) Y ⊗2i = 1⊕ Z ⊕ Ymin{2i,N−2i}.
The unitary modular category SO(N)2 where N ≡ 2 (mod 4) has rank k+7, where
2k = N . The group of isomorphism classes of invertible objects is isomorphic to Z4.
We will denote by g a generator of this group, and will abuse notation referring
to the invertible objects as gj. There are k − 1 self-dual simple objects, Yi, of
dimension 2. The remaining four simples, Vi, have dimension
√
k. The fusion
rules re-written from [11] are:
(1) g ⊗ Yi ∼= Yk−i, g2 ⊗ Yi ∼= Yi
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(2) Y ⊗2i ∼= 1⊕ g2 ⊕ Ymin{2i,2k−2i}
(3) Yi ⊗ Yj ∼= Ymin{i+j,2k−i−j} ⊕ Y|i−j|, when i+ j 6= k
(4) Yi ⊗ Yj ∼= g ⊕ g3 ⊕ Y|i−j| when i+ j = k.
The modular category SO(N)2 with N ≡ 0 (mod 4) where 2k = N , has rank
k + 7 and dimension 4N [11]. The simple objects have dimension 1, 2, and
√
k.
All simple objects are self-dual, and the Yi have dimension 2, while Vi, Wi have
dimension
√
k. For k > 2 the key fusion rules re-written from [11] and are as
follows:
(1) g ⊗ Yi ∼= f ⊗ Yi ∼= Yk−i
(2) Y ⊗2i ∼= 1⊕ f ⊕ g ⊕ fg, when i = k2
(3) Y ⊗2i ∼= 1⊕ fg ⊕ Ymin{2i,2k−2i}, when i 6= k2
(4) Yi ⊗ Yj ∼= Ymin{i+j,2k−i−j} ⊕ Y|i−j|, when i+ j 6= k
(5) Yi ⊗ Yj ∼= g ⊕ f ⊕ Y|i−j|, when i+ j = k.
Proposition 2.2. Let C be a braided tensor category. C is symmetric if and only
it it coincides with its symmetric center ZC(C) [13].
Proposition 2.3. Let C be a modular category and L ⊂ C be a semisimple tensor
subcategory. Then dim(L)dim(ZC(L)) = dim(C) [13].
Definition 2.4. The balancing equation θiθjSij =
∑
k∈Irr(C)N
k
i∗jdkθk
Lemma 2.5. Every integral metapletic modular category has a symmetric subcat-
egory L.
(i) For N odd, L is generated by 1, Z and Yit where t =
√
N and 1 ≤ i ≤ t−1
2
.
(ii) For N ≡ 2 (mod 4), L is generated by 1, g2 and Y2ln where l =
√
k and
1 ≤ n ≤ l−1
2
.
(iii) For N ≡ 0 (mod 4), L is generated by 1, f, g, fg and Y2lm where 1 ≤ m ≤ l−22 .
Proof. First, we examine the case of N odd in detail. We need to show that
L is symmetric, that is, by Proposition 2.5, L = ZL(L). By Proposition 2.6,
dim(ZC(L)) = 2t.
There is a faithful Z2 grading on C:
C1 = {1, Z, Yi}CZ = {Xi}
We know that Cpt ⊂ L. Applying the fact that ZC(Cpt) = C1 [9], we know that
ZC(L) ⊂ C1.
The object Z is a boson [1, Lemma 3.3]. We perform the de-equivariantization
of C by 〈Z〉 ∼= Rep(Z2) as the trivial component of the de-equivariantization D0,
the image of C1, is isomorphic to ZN [1, Lemma 3.4]. The de-equivariantization
functor maps 1 and Z to 0, and each Yi to the simple objects i ⊕ −i ∈ ZN . The
subcategory tensor generated by Yi maps to 〈i〉 ∈ ZN .
INTEGRAL METAPLECTIC MODULAR CATEGORIES 5
As 〈t〉 is the only subgroup of order t, it is the image of the only subcategory
of dimension 2t, which must be ZC(L). Now it is clear ZC(L) is the subcategory
tensor generated by Yt. Because L is equal to its centralizer in C, it is symmetric.
The proof for the case of N ≡ 2 (mod 4) proceeds in the same fashion. By
Proposition 2.6, dim(ZC(L)) = 4`. The faithful grading is by Z4:
C1 = {1, g2, Yi} where i is even
Cg = {V1, V4}
Cg2 = {g, g3, Yi} where i is odd
Cg3 = {V2, V3}.
We know that g2 is a boson [4, Lemma 3.3]. As g2 ∈ L, ZC(L) ⊂ ZC(〈g2〉). A
dimension counting argument tells us that ZC(〈g2〉) must be C1∪Cg2 . Forming the
de-equivariantization by g2, the image of ZC(L) is contained within D0. Following
the proof from [1, Lemma 3.3] D0 ∼= ZN , so it only contains the image of one
subcategory of the correct size and ZC(L) is the subcategory tensor generated by
Yl. Therefore, ZL(L) = L and L is symmetric.
The proof for the case of N ≡ 0 (mod 4) proceeds in exact fashion as the proof
for N ≡ 2 (mod 4), except in this case the faithful grading is by Z2 × Z2,
C1 = {1, f, g, fg, Yi} where i is even
Cg = {V1, V2}
Cf = {W1,W2}
Cfg = {Yi} where i is odd.
we de-equivariantize by the boson fg [3, Lemma 4.3], and apply the balancing
equation and dimension counting to show that Yi ∈ ZC(fg), the preimage of D0,
for all i.

Theorem 2.6. Integral metaplectic modular categories are group-theoretical.
Proof. We examine the symmetric subcategory L we defined for each case. Using
the fusion rules for each case and ZC(L), which we found in the proof of our
previous result, it is clear that (ZC(L))ad ⊂ L. Therefore, in each case C is group
theoretical.

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3. Categories With Fusion Rules of SO(8)2
Categories with the fusion rules of SO(8)2 present an interesting special case. In
these categories, objects V1, V2,W1,W2 of dimension
√
N
2
have the same dimension
as objects Yi, creating extra symmetry.
Definition 3.1. A category C is group theoretical if and only if its Drinfeld
center Z(C) is equivalent to the representation category of the twisted double of
some finite group G:
Z(C) ∼= Rep Dω(G)
Having determined that categories with the fusion rules of SO(8)2 are group
theoretical, it is natural to ask which finite group they “come from.” Apply-
ing the facts that |G|2= dim(RepDω(G)) = dimZ(C) = (dimC)2 = 1024 and
rank(Rep(DωG)) = rank(Z(C)) = (rankC)2 = 256, we search the database of
modular data for twisted Drinfeld double of finite groups of order less than 47
created by Angus Gruen [10] for pairs (ω,G) that fit these restrictions. We deter-
mined that categories with the fusion rules of SO(8)2 come from G =[32, 49], the
inner holomorph of the dihedral group of order 8. Notably, there are 72 Morita-
equivalence classes of categories for which Rep(DωG) has the correct dimension
and rank, and, for each of these ω is a nontrivial cocyle.
4. Link Invariants
Since every topological quantum computation is equivalent to evaluating the link
invariant associated with the anyonic system on some braid, another natural in-
quiry is to determine the link invariant associated with categories with fusion rules
of SO(8)2. The 2-variable Kauffman polynomial is known to be associated with
the quantum group Uq,so(n). Examining the work of Tuba and Wenzl, we know
the invariant associated with these categories is Wenzl’s parameterization of the
2-variable Kauffman polynomial, evaluated at q = e
ipi
8 , r = −q−1 [17]. The ex-
tended Property F conjecture predicts that the link invariant associated with a
braided fusion category C with Property F is classical; therefore, we expect this
evaluation to produce a classical invariant.
In the following definitions, D is the diagram of a link. D+, D−, D0, and D∞ are
identical diagrams except near a point where they are
D+ D− D0 D∞
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Definition 4.1. The semi-oriented Kauffman polynomial is a function
K : {Oriented links in S3} → Z[a±1, z±1]
where Z[a±1, z±1] is the Laurent polynomial over a and z. It is uniquely defined by
K(L) = a−w(D)K˜(D) where
K˜ : {Oriented diagrams of links} → Z[a±1, z±1]
is uniquely determined by:
(I) K˜(©) = 1,
(II) K˜ is invariant under regular isotopy,
(III) a−1K˜( ) = K˜(D) = aK˜( )
(IV) K˜(D+) + K˜(D−) = z(K˜(D0) + K˜(D∞)
Definition 4.2. Wenzl’s parameterization of the Kauffman polynomial is
W : {Oriented links in S3} → Z[r±,1, q±1]
where Z[q±1, r±1] is the Laurent polynomial over r and q. It is uniquely defined by
W (L) = r−w(D)W˜ (D) where
W˜ : {Oriented diagrams of links} → Z[r±1, q±1]
is uniquely determined by:
(i) W˜ (©) = 1
(ii) W˜ is invariant under regular isotopy.
(iii) rW˜ ( ) = W˜ (|) = r−1W˜ ( )
(iv) W˜ (D−)− W˜ (D+) = (q − q−1)(W˜ (D0)− W˜ (D∞)
Definition 4.3. The Dubrovnik parameterization of the Kauffman polynomial is
F : {Oriented links in S3} → Z[r±,1, q±1]
where Z[q±1, r±1] is the Laurent polynomial over r and q. It is uniquely defined by
F (L) = r−w(D)F˜ (D) where
F˜ : {Oriented diagrams of links} → Z[α±1, ω±1]
is uniquely determined by:
(i) F˜ (©) = 1
(ii) F˜ is invariant under regular isotopy.
(iii) α−1F˜ ( ) = F˜ (|) = αF˜ ( )
(iv) F˜ (D+)− F˜ (D−) = ω(F˜ (D0)− F˜ (D∞)
8DEATON, GUSTAFSON, MAVRAKIS, ROWELL, POLTORATSKI, TIMMERMAN,WARREN, ZHANG
Theorem 4.4. The link invariant associated with categories with the same fusion
rules as SO(8)2 is classical and given by
[W (L)]
(r,q)=(− 1
q
,e
ipi
8 )
=
1
2
∑
X⊂L
ilinking number(X,L−X)
Proof. As N = 8, we know that the link invariant associated with these categories
is W (L) with r = q7 [17]. Lemma 7.5 of [17] shows that Burman-Murikami-
Wenzl algebras BMW (q, q), the algebras associated with the 2-variable Kauffman
polynomial, do not depend on the particular value of q. Choosing q = e
ipi
8 , we
have r = −1
q
.
The only differences between the various parameterizations of the two-variable
Kauffman polynomial lie in their twist and skein relations. It is easy to see
W (L) = [F (L)](α,ω)=(r−1,−(q−q−1))
Applying [12, Theorem 1], then
[W (L)]
(r,q)=(− 1
q
,e
ipi
8 )
= (−1)c(L)−1[K(L)](a,z)=(ir−1,i(q−q−1))
= (−1)c(L)−1[K(L)](a,z)=(−q5,q5+(q5)−1)
Then, taking an expression for this evaluation of K(L) of [12, Table 1] we have,
[W (L)]
(r,q)=(− 1
q
,e
ipi
8 )
=
1
2
∑
X⊂L
ilinking number(X,L−X)
which is quite classical indeed. 
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